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INVERSE MEAN CURVATURE FLOWS IN THE
HYPERBOLIC 3-SPACE REVISITED
PEI-KEN HUNG AND MU-TAO WANG
Abstract. This note revisits the inverse mean curvature flow in the 3-
dimensional hyperbolic space. In particular, we show that the limiting
shape is not necessarily round after scaling, thus resolving an inconsis-
tency in the literature.
1. Introduction
Let (H3, g¯) be the 3-dimensional hyperbolic space with the metric
g¯ = dr2 + (sinh2 r)σ
in the (r, θ) coordinates, where σ = σijdθ
idθj is the standard metric on
S2. We show that there exists a star-shaped mean convex 2-surface Σ0 in
H
3 such that the inverse mean curvature flow with Σ0 as the initial surface
does not converge to a round sphere (of constant curvature) after scaling.
Such an example on an asymptotic hyperbolic 3-space with positive mass
was constructed by Neves [9] to demonstrate the impossibility of proving the
hyperbolic Penrose inequality by the method of the inverse mean curvature
flow. However, in [4, Theorem 1.2 and 6.11] it was claimed that the inverse
mean curvature behaves better on the hyperbolic 3-space and deforms the
induced metric on the surface to a round one after scaling. We show by
a concrete example in this note that the claim does not hold true. More
precisely, we prove:
Theorem 1. There exists a star-shaped mean convex closed surface Σ0 in
H
3 that has the following property. Let Σt be the inverse mean curvature
flow of Σ0, and |Σt| and gt be the area of Σt and the induced metric on Σt,
respectively. As t→∞, |Σt|−1gt converges to a metric on S2 that is not of
constant curvature.
The construction in [9] relies on the positivity of the limit of the Hawking
mass. However, in the hyperbolic case, the Hawking mass always limits to
zero along the inverse mean curvature flow. We introduce a new geometric
quantity (modified Hawking mass) to handle this degenerate phenomenon.
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A new monotonicity formula for the inverse mean curvature flow is discov-
ered along the way.
The result in this paper affirms that the limiting behavior of the inverse
mean curvature flow depends distinctively on the structure of the end at
infinity. For an (asymptotically) Euclidean end, the limiting shape is always
round and this fact plays a critical role in the inverse mean curvature flow
proof of both the Riemannian Penrose inequality [7] and quermassintegral
inequalities [6]. In the asymptotically hyperbolic case, it is already demon-
strated by Neves [9] that the limiting shape is not necessarily round. We
show that even in the hyperbolic case when the Hawking mass degenerates,
this phenomenon persists. A new strategy relying on the conformal struc-
ture and the Sobolev type inequality on the sphere at infinity was devised
in [1, 2] to tackle this difficulty and to obtain Penrose-Gibbon inequalities
in the asymptotically flat case. Such a strategy has been further developed
by several authors [5, 8] to solve related problems.
2. A modified Hawking mass and its monotonicity along the
inverse mean curvature flow
We recall the Hawking mass for a closed embedded surface Σ in H3:
mH(Σ) =
√
|Σ|
16pi
(
1− 1
16pi
∫
Σ
(H2 − 4)dµ
)
.
By the Gauss equation in H3, we have H2− 4 = 4K +2|A˚|2, where K is the
Gauss curvature of Σ and A˚ is the traceless part of the second fundamental
form A with |A|2 = |A˚|2 + 12H2. Therefore, one rewrites
(1) 1− 1
16pi
∫
Σ
(H2 − 4)dµ = − 1
8pi
∫
Σ
|A˚|2dµ.
In this article, we consider a modified quantity
(2) m˜(Σ) = −|Σ|
∫
Σ
|A˚|2dµ.
Though the scaling of m˜(Σ) is no longer the same as a mass, we call it the
modified Hawking mass in this note.
Consider the inverse mean curvature flow Σt of a closed embedded surface
Σ0, which deforms the surface in the normal direction with speed
1
H
. In the
following, we compute the evolution equation of the modified Hawking mass
m˜(Σt). The evolution equation for mean curvature is
∂H
∂t
=
∆H
H2
− 2 |∇H|
2
H3
− |A|
2
H
+
2
H
.
INVERSE MEAN CURVATURE FLOW IN HYPERBOLIC SPACE 3
We compute
∂H2
∂t
= 2
∆H
H
− 4 |∇H|
2
H2
− 2|A|2 + 4
= 2(∆ logH)− 2 |∇H|
2
H2
− 2(H2 − 4) + 4K.
Taking into account of ∂
∂t
dµt = dµt and integrating by parts, we obtain
d
dt
(
1− 1
16pi
∫
Σt
(H2 − 4)dµt
)
= −
(
1− 1
16pi
∫
Σt
(H2 − 4)dµt
)
+
1
8pi
∫
Σt
|∇H|2
H2
dµt.
In view of (1),
d
dt
∫
Σt
|A˚|2dµt = −
∫
Σt
|A˚|2dµt −
∫
Σt
|∇H|2
H2
dµt.
We thus obtain the following proposition:
Proposition 2. Along an inverse mean curvature flow Σt, the modified
Hawking mass m˜(Σt) satisfies the following evolution equation:
d
dt
m˜(Σt) = |Σt|
∫
Σt
|∇H|2
H2
dµt.
3. The construction
We consider a family of star-shaped surfaces Σ˜s ⊂ H3 that are described
in the (r, θ) coordinates by
(3) Σ˜s = {(r˜(θ, s), θ) : θ ∈ S2}
for a smooth function r˜(θ, s) on S2×R+. We assume r˜(θ, s) is of the following
asymptotics as s→∞:
(4) r˜(θ, s) = cs+ f(θ) + o(1)
where c is a constant and f is a function on S2.
Consider a new function
ϕ(θ, s) := −
∫
∞
r˜(θ,s)
dx
sinh(x)
such that Diϕ = (sinh
−1 r˜)Dir˜. Let ϕi = Diϕ and ϕij = DjDiϕ be covari-
ant derivatives with respect to the round metric σ. Let | · |σ be the norm
corresponding to σ. Let
gij = sinh
2 r(σij + ϕiϕj)
be the induced metric of Σ˜s and hij be the second fundamental form of Σ˜s.
Denote v =
√
1 + |Dϕ|2σ and the area form of gij is√
det g = sinh2 r˜
√
1 + |Dϕ|2σ
√
det σ = (sinh2 r˜)v
√
det σ.
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hij = g
ikhkj can be expressed in terms of ϕ:
(5) hij =
cosh r˜
v sinh r˜
δij −
1
v sinh r˜
(σik − ϕ
iϕk
v2
)ϕkj .
Proposition 3. Let Σ˜s be a family of surfaces in H
3 that are radial graphs
of the function r˜(θ, s) = cs + f(θ) + o(1) and gij be the induced metric on
Σ˜s. Then the limit of the rescaled metric e
−2csgij as s→∞ is round if and
only if lims→∞ m˜(Σ˜s) = 0.
Proof. From (5), we compute the traceless part |A˚|2 = |A|2 − 12H2:
|A˚|2 = 1
v2 sinh2 r˜
(
σ˜ikϕkj σ˜
jlϕli − 1
2
(σ˜ijϕij)
2
)
,
where σ˜ik = σik − ϕiϕk
v2
is the inverse of σij + ϕiϕj .
It is more convenient to express all terms in r˜ now. We have
v2 = 1 + (sinh−2 r˜)|Dr˜|2σ = 1 +O(e−2cs)
and
σik − ϕ
iϕk
v2
= σik − r˜
ir˜k
sinh2 r˜ + |Dr˜|2σ
= σik +O(e−2cs).
On the other hand, we compute
ϕij = (sinh
−1 r˜)Bij
where
Bij = r˜ij − cosh r˜
sinh r˜
r˜ir˜j = fij − fifj + o(1)
as s→∞.
Therefore,
lim
s→∞
|Σ˜s|
∫
Σ˜s
|A˚|2dµs
= lim
s→∞
(∫
S2
(sinh2 r˜)dµσ
)(∫
S2
(sinh−2 r˜)|B˚ij |2σdµσ
)
= lim
s→∞
(
∫
S2
e2f
4
dµσ)(
∫
S2
4
e2f
|B˚ij|2σdµσ)
=
∫
S2
e2fdµσ
∫
S2
|D˚2e−f |2σdµσ.
In particular, lims→∞ m˜(Σ˜s) ≤ 0 and the equality holds if and only if e−f
is a linear combination of constants and first eigenfunctions of S2. On the
other hand, the limit of the rescaled induced metric is
lim
s→∞
e−2csgij = lim
s→∞
e−2cs(sinh2 r˜)σij = e
2fσij
In the view of the following lemma, the proof is complete. 
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Lemma 4. Let σ be the standard round metric on Sn−1. The conformal
metric e2fσ has constant section curvature if and only if e−f is a linear
combination of constants and first eigenfunctions of Sn−1.
Proof. From [11, Chapter 6 Lemma 1.2] the conformal group of Sn−1 is
SO(n, 1). By direct computation, for each φ in the conformal group we
have
φ∗σ = e2uσ, e−u = a0 +
n∑
i=1
aiX
i
where a0, . . . , an are some constants and X
i, i = 1 · · ·n are the first n
eigenfunctions of Sn−1. On the other hand, if e2fσ has constant sectional
curvature, it can be realized as φ∗σ for a conformal diffeomorphism φ [10,
Theorem 6.1.2]. The assertion follows. 
3.1. Proof of Theorem 1. Pick a function f¯ on S2 such that∫
S2
e2f¯dµσ
∫
S2
|D˚2e−f¯ |2σdµσ = c0 > 0
where D˚2e−f¯ is the traceless part of the Hessian of e−f¯ . Let Σ˜s be the
family of surface described by r = s + f¯(θ) in the (r, θ) coordinates. From
the analysis in the last section, we have
(6) lim
s→∞
m˜(Σ˜s) = −c0.
Consider the inverse mean curvature flow Σst with Σ˜s as the initial surface,
where t is the flow parameter. Neves [9, Theorem 3.1] proved that for s large
enough, the following estimates hold for Σst :
|Σ˜s||H2 − 4| ≤ Ce−t
|Σ˜s|3|∇A|2 ≤ Ce−3t
(7)
where the constant C does not depends on s. Therefore,
(8)
d
dt
m˜(Σst ) = |Σst |
∫
Σs
t
|∇H|2
H2
dµst ≤ C|Σ˜s|−1e−t,
where |Σst | = |Σ˜s|et is used. Pick s0 large enough such that:
(1) Σ˜s0 is mean-convex.
(2) m˜(Σ˜s0) < − c02 , which is possible by (6).
(3) C|Σ˜s0|−1 ≤ c04 .
Let Σt be the inverse mean curvature flow with Σ˜s0 as the initial surface,
(8) implies
lim
t→∞
m˜(Σt) < −c0
4
< 0.
On the other hand, by the analysis in [3, 4] we know that starting from
a mean-convex star-shaped surface, the solution of inverse mean curvature
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flow Σt exists for all time and the surface Σt is given as the graph of
r˜(θ, t) =
t
2
+ f(θ) + o(1)
for a smooth function f(θ) on S2 as t→∞. We can apply Proposition 3 to
conclude that Σt does not converge to a round sphere after scaling.

3.2. Inverse mean curvature flows in the ball model. We consider the
ball model of the hyperbolic metric
1
(1− 14ρ2)2
(dρ2 + ρ2σ)
which can be turned into the form
dr2 + (sinh2 r)σ
by the change of variable
ρ = 2− 4
er + 1
.
Therefore, a solution of the inverse mean curvature flow defined by the
radial function r = r˜(θ, t) = t2 + f(θ) + o(1) in the (r, θ) coordinates is the
same the family of surfaced defined by ρ = u(θ, t) in the (ρ, θ) coordinates,
where
u(θ, t) = 2− 4
er˜(θ,t) + 1
.
In particular,
lim
t→∞
(u− 2)e t2 = −4e−f(θ).
Our result indicates that f does not have to be a linear combination of
constants and first eigenfunctions of S2. This should be compared with the
claim in [4, Theorem 1.2 and 6.11].
4. The higher dimensional case
In this section, we show that the same conclusion holds in higher dimen-
sions, i.e. there exists a star-shaped mean convex hypersurface Σ0 in the n
dimensional hyperbolic space Hn for n ≥ 4 such that the inverse mean cur-
vature flow with Σ0 as the initial data does not converge to a round sphere
(of constant sectional curvature) after scaling. Let (Hn, g¯) be the hyperbolic
space with the metric
g¯ = dr2 + (sinh2 r)σ,
where σ is the standard metric on Sn−1. For a closed hypersurface Σ in Hn,
we consider the quantity:
Q(Σ) := |Σ|−n−5n−1
∫
Σ
|A˚|2dµ,
where A˚ is the traceless part of the second fundamental form A. We have
the following proposition analogous to Proposition 3
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Proposition 5. Let Σ˜s be a family of hypersurfaces in H
n that are radial
graphs of the functions r˜(θ, s) = cs+ f(θ) + o(1). Then
lim
s→∞
Q(Σ˜s) = (
∫
Sn−1
e(n−1)fµσ)
−
n−5
n−1
∫
Sn−1
e(n−3)f |D˚2e−f |2σµσ
The limit of the rescaled induced metric is e2fσ. It is a round metric if and
only if lims→∞Q(Σ˜s) = 0.
Now we turn to the inverse mean curvature flow. We need the following
lemma concerning the evolution of |A˚|2.
Lemma 6. The following equation holds along the inverse mean curvature
flow of a hypersurface in Hn:
∂|A˚|2
∂t
= 2∇j
(∇iH
H2
)
h˚ij −
4
n− 1 |A˚|
2 − 2 h˚
k
i h˚
j
kh˚
i
j
H
,
where h˚ij = h
i
j − 1n−1Hδij .
Proof. We compute
∂hji
∂t
=
1
H2
∇j∇iH − 2 ∇iH ∇
jH
H3
− h
k
i h
j
k
H
− 1
H
gmj Rνiνm
= ∇j
(∇iH
H2
)
− 1
H
(
h˚ki +
H
n− 1δ
k
i
)(
h˚jk +
H
n− 1δ
j
k
)
− 1
H
gmj(−gim)
= ∇j
(∇iH
H2
)
− 2
n− 1 h˚
j
i −
h˚ki h˚
j
k
H
+
(
1
H
− H
(n − 1)2
)
δji .
Therefore,
∂h˚ji
∂t
= ∇j
(∇iH
H2
)
− 2
n− 1 h˚
j
i −
h˚ki h˚
j
k
H
+
(
1
H
− H
(n− 1)2 −
1
n− 1
∂H
∂t
)
δji .
Contracting the above equation with h˚ij gives the desired formula. 
We know that starting from a mean-convex star-shaped surface, the solu-
tion of inverse mean curvature flow exists for all time and r˜(., t)− t
n
converges
to a smooth function f .
The construction is similar to the n = 3 case. Pick a function f¯ on Sn−1
such that(∫
Sn−1
e(n−1)f¯µσ
)
−
n−5
n−1
∫
Sn−1
e(n−3)f¯ |D˚2e−f¯ |2σµσ = c0 > 0
Consider Σ˜s = {(s + f¯(θ), θ)} and let Σst be the solution of the inverse
mean curvature flow with initial data Σ˜s. The pinching estimate (7) can
be generalized to higher dimensions, and for s large enough, we have the
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following estimate on Σst :
|Σ˜s|
4
n−1
(
|H − (n− 1)|2 + |A˚|2
)
≤ Ce− 4tn−1
|Σ˜s|
6
n−1 |∇A|2 ≤ Ce− 6tn−1
,(9)
where C is a constant independent of s.
With this pinching estimate and Lemma 6, we deduce:
d
dt
∫
Σs
t
|A˚|2dµst =
n− 5
n− 1
∫
Σs
t
|A˚|2dµst +
∫
Σs
t
(
−2∇iH
H2
∇jh˚ij − 2
h˚ki h˚
j
kh˚
i
j
H
)
dµst
≥ n− 5
n− 1
∫
Σs
t
|A˚|2dµst − C˜|Σ˜s|
n−7
n−1 e
n−7
n−5
t,
where C˜ is independent of s. Thus d
dt
Q(Σst) ≥ −C˜|Σ˜s|
−2
n−1 e
−2t
n−1 .
Pick s0 large enough such that:
(1) Σ˜s0 is mean-convex.
(2) Q(Σ˜s0) > c0/2.
(3) −C˜|Σ˜s0 |
−2
n−1 > − 12(n−1)c0.
(4) The pinching estimate (9) holds on Σs0t .
Denote by Σt the inverse mean curvature flow with Σ˜s0 as the initial
data. The flow exists for all time and for t large, Σt is given as the graph of
t
n−1 + f(θ) + o(1) for another smooth function f on S
n−1.
It follows from the above conditions on s0 that Q(Σ0) >
c0
2 and
d
dt
Q(Σt) ≥
− 12(n−1)e
−2t
n−1 c0. Therefore limt→∞Q(Σt) > c0/4 > 0. From Proposition 5
the limit of the rescaled induced metric on Σt is not a round one.
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